Full characterization of quantum states and processes is a fundamental requirement for verification and benchmarking of quantum devices. It has been realized in systems with few components, but for larger systems it becomes unfeasible because of the exponential growing with the system size of the number of measurements and the amount of computational power required to process them. A new approach for quantum state tomography and quantum process tomography, requiring a limited number of measurements, has been recently introduced by Maciel et al. [Quantum Inf. Comput. 12, 0442 (2012); Int. J. Mod. Phys. C 22, 1361 (2011).], namely variational quantum-process tomography (VQT). Here we adopt the VQT approach for the experimental characterization of two-qubit quantum processes and compare the reconstructed maps with those obtained by standard tomographic methods. The results demonstrate the high performance of this approach and propose VQT as a powerful alternative to the standard quantum process tomography.
I. INTRODUCTION
In order to make feasible quantum information processing, an efficient characterization of quantum processing elements is necessary. A completely positive map can be described by a linear operator: The experimental characterization of this operator, taking the name of quantum process tomography (QPT) [1] [2] [3] , is a very helpful tool, for instance, to design appropriate quantum error correcting codes [4] .
Although QPT provides a full characterization of any quantum operation, in general, the reconstruction of the process matrix is a challenging task. The amount of parameters involved, in fact, scales exponentially with the number of qubits and is proportional to D 4 − D 2 , where D = 2 n for a system of n qubits. Hence, the estimation of such parameters requires an exponentially growing number of measurements. To overcome these experimental limitations, different methods have been proposed to estimate quantum states and processes with a polynomially growing amount of measurements [5] [6] [7] [8] [9] [10] [11] . The present work is part of this larger effort to try to make quantum tomography more efficient through the use of shortcuts that are then justified by the data.
Here we exploit the variational quantum process tomography (VQT) introduced by Maciel et al. [12, 13] : It is a linear convex optimization problem based on semidefinite programs (SDP) [14] which can be solved very efficiently by means of interior point algorithms [15] . A paramount characteristic of the method is given by its ability to accomplish the process tomography using partial information, like in MaxEnt approaches [16, 17] . Another outstanding characteristic of VQT is given by its convergence property similar to the compressed sensing approach introduced by Gross et al. [5] , * linda.sansoni@gmail.com namely, a faithful reconstruction of a quantum state with cost O(rd ln d), where d is the dimension of the Hilbert (Hilbert-Schmidt) space and r is the rank of the state (process). VQT was previously tested for the tomography of quantum states in both a quantum optics experiment [18] and a NMR experiment [19] . A general and in-depth discussion about the VQT is given in Refs. [12, 13] , where the method was numerically tested for different bases and measurement errors. We note that the ability of VQT to accomplish the process tomography using partial information, together with the high efficiency in solving linear convex optimization problems, makes this new method promising for analyzing quantum processes of many qubits.
In order to benchmark the VQT approach for the reconstruction of quantum processes we choose to characterize a two-qubit gate which represents one of the building blocks of quantum computation, i.e., the controlled-NOT (CNOT) gate.
To this purpose we fully analyze the quantum operation implemented by the integrated CNOT gate recently realized by Crespi et al. [20] , using the VQT approach. We explore the peculiar features of this method to investigate the performances of the quantum gate on different input states, concluding for its stability and high fidelity. This study completes the first process tomography characterization performed in Ref. [20] , using the maximum likelihood approach of Bongioanni et al. [3] . This work represents an application of the VQT method to study an experimental process tomography.
II. CNOT GATE FOR POLARIZATION QUBITS
Universal quantum computation may be achieved by using single-qubit transformations and two-qubit gates [21] . The most commonly exploited two-qubit gate is the CNOT which flips the target qubit (T ) depending on the state of the control qubit (C). The CNOT action is described by a unitary [20] . Pairs of entangled photons are generated via spontaneous parametric down-conversion in a nonlinear crystal (left) and injected in the integrated CNOT gate. Standard analysis setups are adopted to perform quantum state tomography of the outcoming photons (right).
transformation acting on a generic superposition of two-qubit quantum states. In the computational basis {|00 ,|01 ,|10 ,|11 } for the systems C and T , the CNOT matrix reads
The simplest scheme to implement a CNOT for polarizationencoded qubits exploits three partial polarizing beam splitters (PPBSs) with suitable polarization-dependent transmittivities [22, 23] . The two-photon interaction occurs by a Hong-OuMandel effect [24] in a single PPBS, while the other two PPBSs operate as compensators. Such a scheme has been experimentally implemented by using bulk optics [25] [26] [27] [28] or fiber couplers [29] .
In this context, an important step forward in the development of quantum information technology has been given by Crespi et al. [20] , with the implementation of the first integrated photonic CNOT gate for polarization-encoded qubits. The integrated CNOT is achieved by the optical scheme given in Fig .
III. VARIATIONAL QUANTUM PROCESS TOMOGRAPHY
Let us consider the variational quantum tomography method for the characterization of the integrated CNOT gate. In general, a completely positive trace-preserving map E for a two-qubit process can be represented as
where ρ is the system initial state, and {σ i } is the SU(4) basis, i.e., the Pauli matrices for two qubits. In particular, we choose σ 16 as the identity, and the other operators are traceless matrices satisfying Tr(σ i σ j ) = 4δ ij (i,j < 16). The χ ij defines the superoperator χ , containing all the information dealing with the process. It is a normalized Hermitian positive semidefinite operator. In the CNOT gate the control qubit is encoded in the horizontal or vertical basis while the target is in the diagonal basis. If both target and control qubits are encoded in the vertical or horizontal polarization state, the circuit implements a controlled-Z (CZ) gate. For simplicity, in the following we consider the optical CZ gate (U ) (the CNOT process matrix can be easily obtained by applying a rotation on the target qubit subspace). With vertical (V) and horizontal (H) polarizations defining the canonical basis,
the matrix representation of the gate is
Therefore, our gate corresponds to a Kraus rank-1 process with the following Kraus representation:
In the experiment, the gate is characterized by its action on the 16 distinct polarization pure states defined in Table I . After the action of the gate on a given input state (U |i = |i out ), the output state (|i out ) is characterized by the measurement of the 36 projectors listed in Table II.   TABLE II The figure of merit is the trace distance to the ideal map. In the top panel, the sequence of states used in the reconstruction is that of Table I, while Table IV ).
As previously mentioned, VQT allows for the reconstruction of the map with partial information. This means that we do not need to use all the states of Table I and all the projectors  of Table II to reconstruct the map. Rather, from the total of 16 states and 36 projectors, we are able to reconstruct the map using N st states (N st 16) and N proj projectors (N proj 36). Hence, the possibility of using partial information in the process tomography can contribute to substantial savings in the experimental measurements. Furthermore, we are able to compare the maps reconstructed with different portions of the experimental data in order to gather relevant information about the very consistency of the data, or the stability of the experimental setup, and the quality of the device to characterize.
Let f mk be the measured frequency for projection of the state |k in , from Table I, on the projector P m , from Table II, after the action of the gate. The SDP outlined in Eq. (6) returns an optimal approximation (χ ) for the map, using N st × N proj measured frequencies (f mk ). In the SDP we have the following unknowns: the map superoperator χ , built to be positive semidefinite (χ 0) and normalized [Tr(χ ) = 1]; the output states 
(6) Table III shows what is expected if we had access to the output probabilities, i.e., if the measured frequencies coincided with k out |P m |k out . In this case, in order to recover the ideal map we need at least 9 states. In this ideal scenario, the best strategy would be 11 states and 5 projectors, which amounts to just 55 distinct measurements instead of the 256 employed in the previously reported standard QPT [20] . 
IV. EXPERIMENTAL VQT OF CZ GATE
We briefly review the experimental apparatus adopted in Ref. [20] (see Fig. 1 ): Photon pairs are generated via spontaneous parametric down-conversion in a nonlinear crystal; their polarization state is prepared in any of the states reported in Table I by means of wave plates and polarizing beam splitters. Photon pairs are then delivered through single-mode fibers to the integrated CZ gate for polarization qubits realized by the ultrafast laser writing technique [30] . Finally, state tomography of the outcoming photons is performed with standard polarization analysis setups. While in Ref. [20] all the measurements required for a standard QPT were performed TABLE III. Minimum number of projectors necessary to reconstruct the map with a precision of 1 2 Tr|χ − χ ideal | < 10 −4 , in the case of perfect measurements. The table is obtained by running the program (6), with states and projectors chosen in the sequence given in Tables I and II . With less than 9 states it is not possible to reconstruct the map with a precision of less than 0.5 in the trace distance. and the process matrix χ i,j was reconstructed by following the standard QPT approach, here we make use of a partial set of those experimental data to obtain the same process matrix by means of the VQT method. Figure 2 shows the reconstruction of the map with the experimental data. As a figure of merit we use the trace distance of the reconstructed map to the ideal one, Tr|χ − χ ideal |/2, as a function of the number of projectors measured for each input state. In the top panel, the sequence of states is that of Table I , while in the bottom panel the sequence is reversed. Note the quasimonotonic convergence of the reconstruction as the number of distinct measurements increases. Comparing the two panels, one can see that different portions of the experimental data can be used to reconstruct the map with high fidelity. Using 12 projectors per state, the reconstruction converges for any number of states, and the inclusion of additional experimental data does not affect the convergence. These results testify that the photonic quantum gate is stable maps. It is a signature of the consistency and quality of measurements and the stability of the photonic quantum gate.
In order to validate the above results, we also calculated the process fidelities [3] (6)]. The figure of merit is the trace distance to the ideal map. We also plot the trace distance between the maps obtained via VQT and CS. It is clearly shown that the methods are completely equivalent, converging with the same cost. In the top panel, we used the minimum number of states (9) to have a high-fidelity reconstruction. In the bottom panel, we used all the states (16) available. fidelity [31] for two processes),
between the theoretical map χ id and the maps χ obtained by VQT with different sets of states and projectors. The obtained values are reported in Table IV . We can observe that the map obtained with 9 states and 12 projectors already presents a process fidelity that approaches the maximum value achievable with this experimental setup. We finish this section comparing our approach (VQT) with compressed sensing (CS) tomographies [5, 8] . While in VQT we minimize the projections over unmeasured projectors [viz. first line of Eq. (6)], in CS one has to minimize the nuclear norm, or l 1 norm, of the state being reconstructed. Therefore, we can come out with a CS version of process tomography by modifying the first line of Eq. 
Note that the minimization is done under the same constraints of Eq. (6). In Fig. 7 the two methods are compared. The two methods are clearly equivalent, converging with the same cost and with the same fidelities. Both methods are a viable alternative to circumvent the exponential growth of the parameters in the Hilbert space, when the state or process to be reconstructed is of low rank.
V. CONCLUSION
We have performed a QPT analysis of the first integrated photonic two-qubit gate for polarization qubits, using the new VQT method. This benchmark study shows, on one hand, the efficiency of the method and, on the other hand, the stability and robustness of the photonic two-qubit gate. The possibility of using partial information in the process tomography, allied to the computational efficiency with which linear convex optimization problems can be solved, makes VQT promising for the study of quantum processes of many qubits.
